The first step in statistical reliability studies of coherent systems is the estimation of the reliability of each system component. For the cases of parallel and series systems the literature is abundant. It seems that the present paper is the first that presents the general case of component inferences in coherent systems. The failure time model considered here is the three-parameter Weibull distribution. Furthermore, neither independence nor identically distributed failure times are required restrictions. The proposed model is general in the sense that it can be used for any coherent system, from the simplest to the more complex structures.
Introduction
As motivation, the reliability estimation of an automatic coffee machine is described. The machine has two possible causes of failure: 1. the failure of the component that grinds the grain; or 2. the failure of the water heating component. Clearly, the failure of either, 1 or 2, leads the coffee machine failure. Here, the failure of a component implies that the possible future failure time of the other becomes invisible, i.e. a censored data. Statistical inference for the reliability of the machine depends on both marginal components probability models, even in the presence of censoring. Hence, inferences for both components are needed.
Statistical inference of component reliability is not an easy task: censoring, dependence and unequal distributions are some of the troubles. Considering a sample of the coffee machine example for which all n sample units are observed up to death, every sample unit will produce a component failure time and a censored failure time for the other component. Both components failing at the same time is considered unlikely in such situations. In this example, the sample will produce n failure time observations and n censored times for the two components in the test. Relative to component failure time, it is reasonable to say that the two types of components are not identically distributed; it is likely that one of the component types may suffer more censoring than the other. It is common that only one component is responsible for the system failure at time t, implying that all the remaining components are censored also at time t, although the types of censoring could be different. The number of censored data may be much higher than the number of uncensored ones! The reliabilities of a system and its components also depend on the structure of the system, the way components are interconnected. The coffee machine is a series system of two components, a simple case known as competing risks problem. Figure 1a is a series system of four components -at the time the system fails only one component is uncensored and the other three components are right-censored at the system failure time. A parallel system as in Figure 1b Rodrigues et al. (2012) , considering Weibull families, compared three estimation types: Kaplan-Meier, Maximum Likelihood and Bayesian Plug-in Estimators. Polpo et al. (2012) performed a comparative study about Bayesian estimation of a survival curve.
Considering the celebrated property that any coherent systems can be written as a combination of parallel and series systems, Polpo et al. (2013) introduced Bayesian nonparametric statistics for a class of coherent system. Figure 2 illustrates two cases of this kind of combinations with three components; component 2, for example, is susceptible to both right-and left-censoring. Polpo et al. (2013) restricted themselves to cases for which no component appears more than twice in parallel-series and series-parallel representations.
In general, for a coherent system that uses a representation combining parallel and serial systems, some components may appear in two or more places. Figure 3 is the bridge system described in the literature (Barlow & Proschan, 1981) and Figure 4 illustrates its parallel-series and series-parallel combinations.
Note that each of the five components appears twice for both representations. Another interesting structure is the k-out-of-m system -it works only if at least k out of the m components work -. For instance, Figure 5 considers the simple 2-out-of-3 case into parallel-series and series-parallel representations. Note that each of the three components also appears twice in both combinations. Bhattacharya & Samaniego (2010) in their nonparametric inferences for coherent systems restricted themselves to the cases of independent and identically distributed failure times, hence all components have the same reliability. The method introduced here does not need the supposition of independence and identically distributed component lifetimes. Anther restriction, considered and invisible in other methods in the literature, is that the failures of any pair of components cannot occur at the same time. This restriction is also not necessary here. Our main assumption is that all component lifetime distributions are the three-parameter Weibull, a very general distribution that can approximate most lifetime distributions. Besides the left-and right-censored observations, the interval-censored observations can also be handled here. The paradigm of the present article is the Bayesian one. Another advantage of the Weibull is that, in our paradigm, even with improper priors, the posterior distributions turn out to be proper. The proposed mechanism of calculation introduced here can well be used for any other family of distributions whenever proper priors are used.
Section 2 describes the Bayesian Weibull model. Section 3 presents the simulation studies used in most of our examples. Section 3 compares the performance of the Bhattacharya & Samaniego (2010) 
A Weibull Reliability Model
Consider a system of m components, X j denoting the failure time of the j-th component, j = 1, . . . , m. A simple random sample of n systems with the same structure is observed, t 1 , . . . , and t n being a sample of the random variable T , the system failure time.
The goal is to estimate the reliability of the system and for that the reliability of its components shall be estimated; the object of this paper. At system failure, however, not all components would have their failure time observed. In addition, a particular component may be responsible for system failures in some sample units and not in the remaining ones, cases of censoring on component failure time. The amount and the types of censoring depend on the structure of the system. For example, a sample of n units of a machine with configuration as in Figure 2a is observed: The failure of component 1 alone is not enough for system failure. On the other hand, every failure of the system implies the failure of component 1, either being left-censored or being the last to fail. The latter should imply that one of the other two components, say component 2, had failure before component 1, a case of left-censoring.
When a system fails, the failure time of a given component j may not be observed, but its censored time of failure is. For all sample units, the system failure times t 1 , . . . , and t n are recorded. For a specific component j, not responsible for one of the n systems that failed at time t, either it is right-censored, in which case it still could continue to work after t, or it is censored to the left if it has failed before t. Another kind of censoring could also occur: Suppose a machine failure time (a sample unit) is in an interval (L, U) -L for the observed lower limit and U for the upper limit. If two or more components failed, they are all interval-censored in (L, U). To generalize the notation for all cases of component failure and censoring, consider the following notation: for a specific component j of system unit i, let (L ji , U ji ) be a general interval of time, in which
• L ji = U ji = t i , if the j-th component failure time causes the i-th system failure time;
• L ji = t i and U ji = ∞, if the j-th component is right-censored at t i ;
• L ji = 0 and U ji = t i , if the j-th component is left-censored at t i ;
To complete the theoretical environment, let X j be the random variable representing the j-th component failure time with density function f (x j |θ j ) and with reliability function R(x j |θ j ); θ j is the parameter, which can be either a scalar or a vector.
Using the above notation, the likelihood function is as follow:
where I {T RUE} = 1 or I {FALS E} = 0; l j = (l j1 , . . . , l jn ) and u j = (u j1 , . . . , u jn ).
The likelihood function in (1) is generic and straightforward for any probability distribution. The distribution considered here is the three-parameter Weibull. The choice of this distribution is due to the variation of parameter values implying changes in both distribution shape and hazard rates. We can have increasing, decreasing and constant failure rates in this family of Weibull distributions (Rinne, 2008) .
The Weibull reliability function is as follows:
for x j > 0, where θ j = (β j , η j , µ j ) and β j > 0 (shape), η j > 0 (scale) and 0 < µ j < x j (location).
The Weibull distribution with two parameters (µ j = 0) is the most celebrated case in the literature. However, the location parameter µ j that represents the baseline lifetime has an important meaning in reliability and survival analysis. In reliability, a component under test may not be new. In medicine for instance, a patient may have the disease before the onset medical appoitment. Not taking account this initial time can underestimates the other parameters. Clearly, for new component testing µ j may be 0.
The posterior density of θ j = (β j , η j , µ j ) comes out to be
for which π(β j , η j , µ j ) is the prior density of θ j = (β j , η j , µ j ) that we consider to be:
Even though (3) is not a proper prior -its integral is not finite -the posterior density in Equation (2) is still a proper, as stated by the following result.
Theorem 1. Let a class of non-informative prior given by
Although, for b ≥ 0, n = 1 and the existence of a failure, the posterior in (2) is not proper, for n > 1, the posterior in (2) is proper.
The proof of this result is left to the Appendix.
The importance of the above result is that one can perform Bayesian inferences even with little prior information.
Because the posterior density (2) does not have a closed form, statistical inferences about the parameters can rely on Markov-Chain Monte-Carlo (MCMC) simulations. Here we consider an adaptive MetropolisHasting algorithm with a multivariate distribution (Haario et al., 2005) .
Discarding burn-in (first generated values discarded to eliminate the effect of the assigned initial values for parameters) and jump samples (spacing among generated values to avoid correlation problems) a sample of size n p from the joint posterior distribution of θ j is obtained. For the j-th component, the sample from the posterior can be expressed as (β j1 , β j2 , . . . , β jn p ), (η j1 , η j2 , . . . , η jn p ) and (µ j1 , µ j2 , . . . , µ jn p ). Consequently, posterior quantities of reliability function R(t | θ j ) can be easily obtained (Robert & Casella, 2010) . For instance, the posterior mean of the reliability function is
Model Evaluation with Simulated Data
To evaluate the properness of the model described above, this section presents simulation studies in six scenarios with different generators of component lifetimes; also, different percentages of censored data are considered. Two types of system structures are used: bridge system ( Figure 3 ) and 2-out-of-3 system ( Figure 5 ). For each scenario, five different samples of system units are considered (n = 25, 50, 100, 300, 1000). The observed kinds of information are the failure time of the n observed systems and for each unit that failed the status of each component of that unit at the time of its failure.
To obtain posterior quantities, we generated 20, 000 samples from the posterior distribution of each parameter. The first 10, 000 of these samples were discarded as burn-in samples. A jump of size 10 was chosen to avoid correlation problems and, consequently, samples of size n p = 1, 000 were obtained for all estimation steps. The chains' convergence was monitored in all simulation scenarios for good convergence results to be obtained. The posterior mean W3PM (Weilbull three parameter means) is considered as the performance measure of the posterior reliability function obtained through our Weibull models.
The W3PM estimates are compared to the BSNP estimates, the nonparametric estimates of Bhattacharya & Samaniego (2010) . Their approach can be used for all components involved in the reliability of any system, even for more complex structures; the only necessary types of information for the computation of the estimates are the system structure and the observed system failure times. However, in their work, there is the strong restriction that all the component lifetimes are mutually independent and identically distributed.
Consequently, all components have the same reliability. The present approach does not have this limitation.
For each scenario, 1000 copies (data sets) are generated and we evaluated the mean absolute error (MAE) from the estimators to the true distribution as the comparison measure. R(t) and R(t) are the true reliability function and its estimate, respectively. Hence the MAE is evaluated by
where {g 1 , . . . , g , . . . , g l } is a grid in the space of failure times.
In what follows, six scenarios are presented:
• Scenario 1: 2-out-of-3 structure in which X 1 was generated from a Weibull distribution with mean 15 and variance 8, X 2 from a gamma distribution with mean 18 and variance 12 and X 3 from a log-normal distribution with mean 20 and variance 10.
• Scenario 2: 2-out-of-3 structure in which X 1 was generated from a log-normal distribution with mean 4 and variance 7, X 2 from a modified Weibull distribution (Lai et al., 2003) with mean 2.88 and variance 12.44 and X 3 was generated from three-parameter Weibull distribution with mean 5 and variance 3.
• Scenario 3: 2-out-of-3 structure in which X 1 , X 2 and X 3 were generated from Weibull distributions with means 10, 11, 10 and variances 2, 10, 8, respectively.
• Scenario 4: 2-out-of-3 structure in which X 1 , X 2 and X 3 were generated from modified Weibull distributions (Lai et al., 2003) with means 1.6, 2.4, 2.9 and variances 6, 4, 13, respectively.
• Scenario 5: Bridge structure in which X 1 was generated from a Weibull distribution with mean 17 and variance 8, X 2 from a log-normal distribution with mean 16 and variance 22, X 3 from a log-normal distribution with mean 15 and variance 15, X 4 from a gamma distribution with mean 15 and variance 6 and X 5 from a gamma distribution with mean 20 and variance 12.
• Scenario 6: Bridge tructure in which X 1 was generated from a Weibull distribution with mean 4 and variance 15, X 2 from a modified Weibull distribution (Lai et al., 2003) with mean 5.6 and variance 15, X 3 from a log-normal distribution with mean 6 and variance 7, X 4 from a gamma distribution with mean 5 and variance 8 and X 5 from a three-parameter Weibull distribution with mean 4 and variance 8.
Since a component that causes system failure leads the other components to be right-or left-censored data, the high percentages of censored data for all scenarios are shown in Table 1 . It can be noted that all components in all scenarios have high percentages of censored data, all cases higher than 50%, reaching up to 90% (see component 3 in scenario 5).
The mean and stardard deviation of 1, 000 MAE values obtained by W3PM and BSNP are presented in 
Application
To show the applicability of the proposed method, a social study is considered in which the proposed methodology can be suitable applied. The data is analyzed by Klein & Moeschberger (2003) . In this study n = 191 California high school boys were asked about their first use marijuana. The answers were either age in years, if the responder did use and remember the age, or "I never used it", which are right-censored observations at the boys' current ages, or "I have used it but I cannot remember the exactly time for my first use of the drug". The latter is a left-censored observation case (Klein & Moeschberger, 2003) .
Klein and Moeschberger analysed the data through Turnbull's estimator (Turnbull, 1976) . In their approach, boys who remember their ages at the first time they use the drug produced uncensored observations. Consider, for instance, a boy saying that he used for the first time the drug at 13 years old and specifically it happens when he was 13 years and 11 months old. He would be considered a subject with uncensored observation at the age of 13 by the Klein and Moeschberger analysis, even if his age of use was closer to 14 years. We believe that this kind of information should be considered as an interval-censored observation at [13; 14) and his information would be properly taken as interval-censored in our likelihood, the second factor of the right-hand side of equation (1). In this way, all data are censored: either right-, left-, or interval-censored data.
To obtain posterior quantities related to the posterior distribution of θ = (β, η, µ) from posterior distribution in (2) through MCMC simulations, we discarded the first 10, 000 as burn-in samples and jump of size 30 to avoid correlation problems, obtaining a sample of size n p = 1, 000. The chains' convergence was monitored for all simulation scenarios and good convergence results were obtained. Table 2 Figure 9: Posterior mean and 95% HPD band of reliability function for time to first use of marijuana.
Final Remarks
A Bayesian Weibull model for component reliability was proposed. Neither independence nor identical distributions of component lifetimes was imposed. The proposed methodology is said to be general because it can be used for any coherent system, from the simplest to more complex structures. Besides, it can also be appropriate for all kinds of censored data, including interval-censored, allowing it to be used in survival problems. In estimation processes, satisfactory results about convergence were obtained and it was proved that the posterior is proper even when using prior distributions chosen from a family of non-informative prior distributions. We worked with the Bayesian Weibull model; however, it is quite simple to extend the work to other distributions or even to the pure likelihood approach (Pereira & Pereira, 2005) .
Bhattacharya & Samaniego (2010) The practical relevance was assessed in a real dataset of boys' first use marijuana in which all observations are censored data and the proposed methodology can be suitably applied, showing that it can be used in other areas beyond reliability. We also believe that for future work our methodology can be used to do reverse engineering. Using model selection Bayesian techniques as in Pereira & Pereira (2017) that use mixture of reliability estimates one can choose one out of some alternative reliability systems.
Proof of Theorem 1
We have to show that
As this proof works for all j, we will omit the j index.
For n = 1 and l 1 = u 1 ,
Let X be a random variable that, given α and γ, follows and inverse gamma distribution and its density function is expressed as
Consider the variable change: [(l 1 − µ)/η] β = γ/x, from which it follows that (l 1 − µ) β dx = γβη β−1 dη, so the integral expression in (5) can be written as
In summary, for n = 1 and l 1 = u 1 ,
Consider that for a sample of size n, n > 1, data are observed such that l i = u i , for i = 1, 2, . . . , n f and l i u i
where t l = (t l1 , . . . , t ln ), for l = 1, 2.
As l i < u i , for all i = 1, . . . , n, we have that
This way,
Thus, it is necessary only to evaluate the upper bond, that is, 
Consider again the variable change: 
